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The Standard Model does not explain the hierarchy problem. Before the discov-
ery of nonzero lepton mixing angle θ13 high hopes in explanation of the shape of
the lepton mixing matrix were combined with non abelian symmetries. Nowadays,
assuming one Higgs doublet, it is unlikely that this is still valid. Texture zeroes, that
are combined with abelian symmetries, are intensively studied. The neutrino mass
matrix is a natural way to study such symmetries.
I. INTRODUCTION
In the Standard Model (SM) neutrinos interact with charged leptons. Interactions with
the Higgs particle and interactions by neutral current with Z particle are not important for
our purpose. In the flavour basis the Majorana neutrino Lagrangian effectively takes the
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2form:
L =− e√
2 sin θW
∑
α=e,µ,τ
l¯′αLγ
µναLW
−
µ + h.c.
+
∑
α,β=e,µ,τ
(
M lα,β l¯
′
αRl
′
βL +M
l∗
α,β l¯
′
βLl
′
αR
)
+
+
1
2
∑
α,β=e,µ,τ
(Mνα,βν¯CαRνβL +Mν∗α,β ν¯βLνCαR
)
.
(1)
The neutrino mass matrixMν is an arbitrary symmetric three dimensional complex matrix.
It is diagonalized by the orthogonal transformation with a complex matrix:
(
Uν†MνUν∗)
ij
= δij m
ν
i , m
ν
i ≥ 0. (2)
The charged leptons mass matrix M l is an arbitrary three dimensional complex matrix
diagonalized by the biunitary transformation:
(
U l†LM
lU lR
)
αβ
= δαβm
l
α, m
l
α > 0. (3)
As usually, let us introduce the physical basis in which the mass matrices become diagonal:
ναL =
∑
i=1,2,3
UναiνiL ⇒ ναR =
∑
i=1,2,3
U∗ναi νiR, (4)
and also:
l′αL =
∑
β=e,µ,τ
(
U lL
)
αβ
lβL and l
′
αR =
∑
β=e,µ,τ
(
U lR
)
αβ
lβR. (5)
After such transformation, the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix appears
in the charged current interactions:
LCC = − e√
2 sin θW
∑
α=e,µ,τ
i=1,2,3
l¯αLγ
µ (UPMNS)αi νiLW
−
µ + h.c, (6)
(UPMNS)αi =
∑
β=e,µ,τ
(
U lL
)†
αβ
(Uν)βi , (7)
One should mention that the mixing matrix (7) is expressed in the mass eigenstates basis
both for the charged leptons (e, µ, τ) and for the neutrinos (ν1, ν2, ν3) so we have the freedom
to choose the model. We can choose the basis in which at the beginning M l or Mν are
3diagonal. Usually the first alternative is considered, and we do the same. In the basis in
which M l is diagonal we can rewrite relation (2) as:
UTMνU = mdiag, (8)
where we introduce the notation:
UPMNS = U
ν ≡ U. (9)
The mixing matrix U can be decomposed in the form:
U = fNF · UD · fM , (10)
where:
fNF =


eiβ1 0 0
0 eiβ2 0
0 0 eiβ3

 , (11)
contains the non-physical phases βi which can be absorbed by the charged fermion Dirac
fields, and:
fM =


1 0 0
0 e(iα1)/2 0
0 0 e(iα2)/2

 (12)
includes the Majorana phases αi. Matrix UD is constructed of 3 mixing angles θij and one
Dirac phase δ:
UD =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23

 . (13)
In such a way, taking into account three neutrino masses, altogether we have 6 real param-
eters (3 neutrino masses and 3 mixing angles) and 6 phases, exactly equal to the number of
free parameters in the 3× 3 complex symmetric neutrino mass matrix.
II. HORIZONTAL SYMMETRY
The Standard Model is up to the current experimental energies a good working theory.
On the other hand it is commonly believed to be only an effective theory. It agreement with
4the experimental data is at the expense of a huge set of free parameters. We can consider
models assuming that both in the lepton and quark sectors there exist fundamental sym-
metries linking together fermions from different generations giving relations among masses
and mixing matrix elements within one family. If such a symmetry exists it could reduce
the number of free SM parameters and shed light how to extend it.
Searching of global, primary symmetry (so called horizontal or family symmetry) can be
restricted to the lepton sector and actually to testing of the UPMNS in this sector. As the
result of symmetry breaking, ”up” and ”down” quarks as well as charged lepton masses,
differ significantly among generations. Thus, it is hard to see the symmetry realization.
Second of all we could search for it via the CKM matrix but from the experiment we know
that off diagonal elements are likely to be small and can be explained as a perturbative
corrections beyond SM.
Generally, from the group point of view, we can distinguish two types of horizontal
symmetries: these connected with finite discrete abelian groups and these connected with
non abelian discrete ones.
One can take the hypothesis that the shape of the UPMNS and hence the Mν are not
accidental. One of the most clear example of the horizontal symmetry realization is related
to the TBM matrix story. Before 2012 oscillation experimental data were in good agreement
with the known in literature as UTBM matrix (tribimaximal). It was proposed in 2002 by
Harison, Perkins and Scott [1]:
UPMNS ≡ UTBM =


2√
6
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

 . (14)
The third column corresponds to the maximal mixing between |νµ〉 and |ντ 〉 states:
|Uµ3| = |Uτ3| = 1/
√
2, (15)
with the mixing angle:
sin θ23 ≈ 1/
√
2⇒ θ23 ≈ pi/4 i.e. 45◦. (16)
The second column accounts for an equal mixing of |νe〉, |νµ〉 and |ντ 〉 states:
|Ue2| = |Uµ2| = |Uτ2| = 1/
√
3 , (17)
5with the angle θ12 ≈ 35◦.
It is worth to mention that:
Ue3 = 0, (18)
so θ13 = 0, and UPMNS is real.
The shape of the matrix (14) may suggest the existence of connection to Clebsch-Gordan
coefficients of some symmetry group. This observation triggered a wide response among the
theoretical groups. There appear lots of phenomenological proposals explaining the TBM
pattern. One of the first, put forward in 2004, was the hypothesis linking UTBM with the
discrete symmetry group A4 [2]. It’s full description was published in 2005 [3–6].
Within almost a decade there have been many other proposals trying better or worse to
connect the UTBM with different symmetry groups: U(1)
3 × Z32 ⋊ S3 [7] , Z32 ⋊ S3 [8], S4
[9, 10], T ′ [11, 12]. In 2012 new evidence for θ13 6= 0 coming from more precise oscillation
experiments appear (T2K [13], Daya Bay [14], MINOS[15] and RENO [16]). The angle θ13
was no longer treated as zero. In the light of new data it turned out that the TBM pattern
is completely ruled out. The question if it is possible to find any other symmetry responsible
for the lepton mixing matrix once more become open.
Up to now, under current experimental data, there are still many attempts to find valid
non abelian horizontal symmetry together for the SM and it’s extensions (see ex.[17]).
The models, with the so called Texture Zeros (TZ), come back to favor [18–20]. Through
the mass matrix TZ such patterns are meant in which some elements of Mν become zero
or almost zero. An universal description on how to obtain the realization of the symmetry
together for quark and lepton sectors using the TZ can be found in [21]. TZ models are
linked with abelian symmetries [22]. They were always somehow present on the market but
because of their triviality (comparing to non abelian symmetries) were less popular during
the TBM era.
Among the many interesting proposals for models with TZ it is worth to mention models
assuming vanishing of minors [23], or the so called hybrid textures [24].
From the methodological point of view the problem of reconstruction of Mν can be
divided into two categories. In the ”top-down” approach the shape ofMν is an assumption
emerging from the proposed theoretical model. All parameters i.e: mixing angles, neutrino
masses and phases arise from these assumptions. In contrast in the ”bottom-up” approach
the mass matrix (or the mixing matrix) is built up from the experimental data.
6III. BOTTOM-UP METHOD
This section contains some simple example of the ”bottom-up” method, in the specific
model for neutrino mass. Results presented here are based on [25] and recent experimental
data [26–28]. Let us cast the mass matrix in the form:
Mν =


M11e
iφ1 M12e
iφ2 M13e
iφ3
M12e
iφ2 M22e
iφ4 M23e
iφ5
M13e
iφ3 M23e
iφ5 M33e
iφ6

 , (19)
which explicitly depend on six moduli and six phases. Taking into account the reverse
relation to equation (8):
Mν = U †mdiagU−1, (20)
we can express all of them as a function:
(Mν)ik = fik (θ12, θ13, θ23, m1, m2, m3, δ, α1, α2, β1, β2, β3) . (21)
In this way we get correspondence between all 12 elements of U and Mν . Function fik
directly depends on the Dirac phase δ as well as Majorana phases α1, α2 and three non
physical phases β1, β2, β3. As it was mentioned before we have some information about δ
from the experimental data. However, there is no information about the Majorana phases.
For huge statistics we can numerically find minima and maxima of fik using the following
procedure:
1. For the given neutrino hierarchy mass, we can express heavier neutrino masses through
the lightest one and through known from experimental data mass squared differences.
For the normal hierarchy the lightest neutrino mass is m1, so:
m2 =
√
m21 +∆m
2
21, (22)
m3 =
√
m21 +∆m
2
31. (23)
While for the inverted neutrino mass hierarchy, the lightest mass is m3, therefore:
m2 =
√
m23 +∆m
2
31 +∆m
2
21, (24)
m1 =
√
m23 +∆m
2
31. (25)
72. Varying the lightest neutrino mass, all other parameters of fik are randomly generated
within their experimental errors.
From such a procedure we can get min(fik) and max(fik) dependencies. It is assumed that
the massm1 varies in the range: (0.0001−1) eV. Function fik is treated as 0 when fik < 10−6.
It is possible to study the influence of specific phases on the function fik. Separately several
regions can be set:
1. δ: (0− 2pi); α1 = 0, α2 = 0,
2. δ: (0− 2pi), α1,= pi/4, α2 = pi/4,
3. δ, α1, α2: (0− 2pi).
For all above regions θ12, θ23, θ13 and ∆m
2
21, ∆m
2
31 were generated within 1σ and 3σ errors.
Examples of obtained dependencies are presented for M11 on figure 1 and for M33 on fig-
ure 2. Solid grey area represents third region at the 1σ level. Grey shaded area represents
the same region at the 3σ level. Studying the whole set of solutions it can be said that at the
1σ significance level two TZ are excluded. These are: M11 = 0 for the inverted hierarchy,
and M33 = 0 for the normal hierarchy. At the 3σ significance level only one texture zero is
excluded: M11 = 0 for the normal hierarchy.
Please notice that the first region does not distinguished between Dirac and Majorana neu-
trinos. For Majorana neutrinos the Dirac phase may be non zero. Non physical phases are
not relevant for |Mik|, because elements (Mik) depend on them like:
(Mik) ∼ e−iβie−iβk (Mik)′ , (26)
where from equation (2) and (10) we get:
(Mik)′ =
(
U∗Df
∗
MMdiagf
∗
MU
†
D
)
ik
. (27)
There are a lot of publications (see ex.[29, 30]) in which neutrino mass matrix elements as a
function of the lightest neutrino mass are presented. Part of them are considering influence
of CP phases (see ex. [31]). Just to emphasize the importance of Majorana phases we are
presenting plots where it can be seen that for an arbitrary chosen values of these phases
(second region) elements of the Mν may not be zero.
Phases (φ1, . . . , φ6) are not measurable thus they are not the subject of analysis.
8IV. SUMMARY
For fixed Majorana phases values (second region) mass matrix moduli, despite the vari-
ation of other parameters, does not have to go to zero. In other words Majorana nature is
not sufficient for zeroing elements of the neutrino mass matrix. Only in the some range of
Majorana phases moduli of the neutrino mass matrix can be zero.
Despite the fact that θ13 is different from zero, models with texture zeros are still possible,
but the amount of such models is limited.
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Figure 1: Allowed regions of |Mν11| as a function of the lightest neutrino mass in the case of the
normal neutrino mass hierarchy.
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Figure 2: Allowed regions of |Mν33| as a function of the lightest neutrino mass in the case of the
normal neutrino mass hierarchy.
